A family of analytical solutions of the time-dependent wave equation, the ultrashort pulsed sinc-Gaussian light beams (UPSGLB's), are presented in the paraxial approximation. Each of them has the product form of the monochromatic Gaussian light beam with the central frequency c times the sinc function of the complex temporal-spatial beam parameter P n . The complex temporal-spatial beam parameter P n , which corresponds to the order n, is directly related to the temporal-spatial coupling properties of the nth-order UPSGLB. The UPSGLB's are used, for the first time to our knowledge, as an analytical expansion set for bandwidthlimited ultrashort light pulses emitted from mode-locked lasers with stable resonators (ULPEMLLSR's). Two special examples of bandwidth-limited ULPEMLLSR's, a single zeroth-order UPSGLB and a novel model of a nearly temporal-spatial Gaussian beam, are analytically investigated and compared with experimental results.
INTRODUCTION
In the past several years the propagation and transformation of ultrashort light pulses have attracted much attention because of the notable progress with the femtosecond laser technique. [25] [26] [27] [28] Ziolkowski and Judkins 13 studied the temporal-spatial behaviors of the pulsed Gaussian beam whose initial field distribution is temporally spatially separable and revealed its temporalspatial distortion properties. Recently, Wang et al. 14 introduced a new kind of pulsed Gaussian beam by taking into account the mode characteristics of mode-locked laser resonators and studied its temporal-spatial propagation behaviors. Unfortunately, Wang et al. ' s pulsed Gaussian beam has the drawback that its transverse amplitude distribution grows boundlessly with the transverse coordinate r as exp(r 4 ) beyond a beamlike central region. 14, 15 Based on Wang et al.'s work, Porras 15 introduced ultrashort pulsed Gaussian light beams by use of the analytic signals method and investigated their temporal-spatial propagation characteristics. On the other hand, by using the Fourier transform method, Heyman and Felsen 16 and Melamed and Felsen 17 also investigated ultrashort pulsed Gaussian light beams (in these two papers the ultrashort pulsed Gaussian light beams were more reasonably named isodiffracting pulsed beams because all the monochromatic Gaussian field components of these kinds of light beams have the same diffraction property). Especially, they analytically studied the example of analytic ␦ function pulsed beams. 16, 17 More recently, Porras 18 and Cao 19 independently studied the subset of pulsed negative-power-function light beams. Feng and Winful 20 investigated the temporal-spatial transformation of isodiffracting pulsed beams by use of nondispersive quadratic phase media.
As a complete description for the ultrashort light pulses emitted from mode-locked lasers with stable resonators (ULPEMLLSR's), the fact that the real ULPEMLLSR's always have limited bandwidths should be taken into account, because the laser gain media used there, such as the Ti:sapphire media, always have limited net gain bandwidths. However, until now, only Eq. (25) of Ref. 15 has been concerned with the analytical solution to the problem of bandwidth-limited ULPEMLLSR's, and, in particular, no analytical expansion set for bandwidthlimited ULPEMLLSR's has been presented.
In this paper we shall analytically present a family of bandwidth-limited solutions of the time-dependent wave equation in the paraxial approximation and use them as an analytical expansion set for bandwidth-limited ULPEMLLSR's. The paper is organized as follows: In Section 2 we review the theoretical background for ULPEMLLSR's, which is very helpful for understanding the materials presented in this paper; in Section 3 we introduce the ultrashort pulsed sinc-Gaussian light beams (UPSGLB's) and investigate their temporal-spatial propagation characteristics; in Section 4 we develop a simple method to expand ULPEMLLSR's by UPSGLB's, give two special examples, and compare them with the real ultrashort light pulses observed by experiments; and in Section 5 we conclude this paper.
THEORETICAL BACKGROUND FOR ULPEMLLSR's
In free space a general polychromatic pulsed light beam is represented by a real function V(x, y, t, z), which obeys the time-dependent wave equation
where c is the light speed in free space. Usually, it is convenient to use the so-called analytic signal (x, y, t, z) to describe the temporal-spatial propagation properties of a polychromatic pulsed light beam. 29 The analytic signal (x, y, t, z) is defined as
where (x, y, , z) is the Fourier transform of the real optical-field distribution V(x, y, t, z) in time only; namely,
From Eq. (2) one can find that the analytic signal (x, y, t, z) has no negative frequency component at all. This property is different from that of the corresponding real optical-field distribution V(x, y, t, z). Similar to the real optical-field distribution V(x, y, t, z), the analytic signal (x, y, t, z) also obeys the time-dependent wave equation of Eq. (1) . The relation between the real optical-field distribution V(x, y, t, z) and its analytic signal (x, y, t, z) is simply given by 29 V͑x, y, t, z ͒ ϭ Re͓͑x, y, t, z ͔͒.
The monochromatic field component (x, y, , z) corresponding to the frequency obeys the Helmholtz wave equation
where k ϭ 2/c is the corresponding wave number in free space. In the paraxial approximation, the slowly varying part U(x, y, , z) of the monochromatic field component (x, y, , z) ϭ U(x, y, , z)exp(ikz) obeys the following paraxial wave equation:
Let us now consider a general ULPEMLLSR. From laser beam and resonator theory, 30, 31 we know that a spherical resonator (in Fig. 1 , for simplicity, we consider only two-element resonators) is stable when 0 Ͻ g 1 g 2 
. (7) On the other hand, from mode-locked laser theory we know that, in an appropriate transverse-mode-selection arrangement, the total temporal-spatial optical field (x, y, t, z) of an ULPEMLLSR can be regarded as a linear superposition of the fundamental mode Gaussian fields with different eigenfrequencies m and that the slowly varying parts U(x, y, m , 0) of the monochromatic optical-field components (x, y, m , 0) at the z ϭ 0 plane can be expressed as 14, 15, 30, 31 U͑x 
In practical mode-locked lasers, the output light pulses always have limited bandwidths because the net gain bandwidths of the laser devices always have limited distributions. As an important consequence, the orders m of the longitudinal eigenfrequencies should have a low limit m 1 and a high limit m 2 . By taking these properties into account, the total temporal-spatial optical-field distribution (x, y, t, z) of an ULPEMLLSR can be expressed as 
where the discrete distribution function g m (with the eigenfrequencies m ) has been replaced by its continuous envelope distribution g(). In Eq. (11) the values of the low-limit frequency l and the high-limit frequency h are given by l ϭ m 1 0 and h ϭ m 2 0 , respectively. Equations (10) and (11) are both the solutions of the timedependent wave equation of Eq. (1) in the paraxial approximation because the slowly varying parts of Eqs. (9) and (12) both satisfy the monochromatic paraxial wave equation of Eq. (6) . The difference between Eq. (10) and Eq. (11) is that the former describes a train of ultrashort light pulses but the latter describes only one of them. 31 In the train of ultrashort light pulses, the pulses are separated from one another by a large time interval 2L/c. Fortunately, in almost all cases, people are more interested in the temporal-spatial behavior of a single ultrashort light pulse than a pulse train. It is necessary to point out that, for an ideal ULPEMLLSR, all the monochromatic Gaussian field components (x, y, , z) have the same 0 phase at the z ϭ 0 plane, 31 and therefore the weighting function g() is a positive real function in this case.
From Eq. (12) one can find that, except for the constant factor b Ϫ1 , the spectrum distribution (0, 0, , 0) of the on-axis near-field distribution (0, 0, t, 0) at the point (r ϭ 0, z ϭ 0) can be directly described by the weighting function g(). On the other hand, in most femtosecond laser experiments, [24] [25] [26] [27] [28] the measured spectrum distribution approximately equals the square of the weighting function g(), and the reconstructed pulsed intensity distribution from interferometric autocorrelation is approximately equal to the on-axis near-field intensity distribution V 2 (0, 0, t, 0) at the point (r ϭ 0, z ϭ 0). These properties will be very helpful for comparing our theoretical models with experimental results in Section 4.
ULTRASHORT PULSED SINC-GAUSSIAN LIGHT BEAMS
Let us now consider a family of special bandwidth-limited ULPEMLLSR's whose weight functions g n () have the form
in the range of l р р h , where the orders n are integers; namely, n ϭ 0, Ϯ1, Ϯ2, ...
is the half-bandwidth;
A n is the normalization coefficient corresponding to the order n. We point out that the central frequency c is different from the concept of the carrier frequency. The former is always valid for an arbitrary ultrashort light pulse with an arbitrary bandwidth, but the latter is meaningful only for the ultrashort light pulses that satisfy the quasi-monochromatic condition
They are approximately equivalent only for quasi-monochromatic ultrashort light pulses. Substituting Eq. (13) into Eqs. (12) and (11), one can obtain
where ϭ t Ϫ z/c is the local time at the z ϭ z plane and P n is the complex temporal-spatial beam parameter corresponding to the order n. Equation (14) provides a family of analytical solutions of the time-dependent wave equation [Eq. (1)] in the paraxial approximation. These analytical solutions can be completely determined by four simple parameters ␦, c , (or l , h ), b, and n. Note that the order n includes negative integer. From Eq. (14) one can deduce that none of these bandwidth-limited ultrashort light pulses has singularity because n (x, y, t, z) → 0 when → Ϯϱ or when r → ϱ or both.
In terms of the relations h ϭ c ϩ ␦, l ϭ c Ϫ ␦, and exp(iu) ϭ cos(u) ϩ i sin(u), Eq. (14) can be reexpressed as
where sinc(u) ϭ sin(u)/u, is the sinc function. From Eq. (16) one can find that, except for the constant factor 4␦A n , each one of this family of bandwidth-limited ultrashort light pulses can be expressed as the product of the monochromatic Gaussian light beam exp(Ϫi2 c )
with the central frequency c times the sinc function of the complex temporal-spatial beam parameter P n . For this reason, we name them ultrashot pulsed sinc-Gaussian light beams (UPSGLB's). Usually, the sinc function of the complex temporal-spatial beam parameter P n can be regarded as the envelope of the nth-order UPSGLB when c ӷ ␦, but note that this interpretation will become ambiguous and even meaningless when the central frequency c becomes only a few times the half-bandwidth ␦.
Equation (16) also shows that the temporal-spatial coupling properties of the nth-order UPSGLB are completely determined by the complex temporal-spatial beam parameter P n . Especially, as we show below, the real part of the parameter P n directly describes the time delays with the increase of the coordinate variable r and with the increase of the order n.
We have a special interest in the temporal-spatial behaviors of UPSGLB's on the propagation axis. On the propagation axis the parameter P n and the analytic signal n (0, 0, t, z) of the nth-order UPSGLB, respectively, reduce to P n ϭ n Ϫ 2␦ and
In particular, the on-axis near-field n (0, 0, t, 0) and the on-axis far-field lim z → ϱ n (0, 0, t, z) further reduce to
To our surprise, except for the factor b Ϫ1 in Eq. (18), the parameter b has no influence on the near-field and the far-field pulse profiles of UPSGLB's on the propagation axis. Equations (18) and (19) also reveal the interesting Ϫ/2 Gouy phase shift between the on-axis near-field and the on-axis far-field. This property is very similar to that of the focused single-cycle electromagnetic pulse, which was pointed out by Feng et al. 23 From laser beam and resonator theory 30, 31 we know that the common complex spatial beam parameter q of the monochromatic eigen Gaussian fields (x, y, , z) of a stable resonator is given by
When this relation is substituted into Eq. (15), the complex temporal-spatial beam parameters P n can be reexpressed as
where R is the real curvature radius and is given by 1/R ϭ Re(1/q). From Eq. (21) one can see that the real part of the complex temporal-spatial beam parameter P n directly describes the time delays with the increase of the coordinate variable r and with the increase of the order n. Figure 2 provides the real optical-field distributions V n (0, 0, t, 0) of the negative first-order, the zeroth-order, and the positive first-order UPSGLB's at the point (r ϭ 0, z ϭ 0). The time delay of UPSGLB's with the increase of the order n is explicitly shown in Fig. 2 . Figure  2 also shows that different UPSGLB's with different orders n give different emphasis on different time ranges. For example, the zeroth-order UPSGLB gives an emphasis on the time range that is near the ϭ 0 point. By the way, at the z ϭ 0 plane, UPSGLB's have no time delay with the increase of the radial coordinate r because in this case the curvature radius R is infinite. Figure 3 shows the time delays of the zeroth-order UPSGLB with the increase of the coordinate r at the z ϭ 3.14 m plane. In these two figures the parameters are chosen such that l ϭ 300 THz (the corresponding wavelength is 1.0 um), h ϭ 500 THz (the corresponding wavelength is 0.6 um), c ϭ 400 THz, ␦ ϭ 100 THz, and b ϭ 3 It is well known that the spectral density D() of an ultrashort light pulse, which expresses the energy included in the monochromatic component (x, y, , z), is given by
The spectral density D() is always independent of the longitudinal coordinate z because of the energy conservation law. Therefore one can conveniently evaluate the spectral density D n () of the nth-order UPSGLB at the z ϭ 0 plane. Substituting Eqs. (13) and (12) into Eq. (22), the spectral density D n () of the nth-order UPSGLB can be determined to be
From Eq. (23) one can deduce that all UPSGLB's with different orders n have the same spectral density because D n () is independent of the orders n. This property is due to the fact that the quantities g n ()g n *() are independent of the order n. Equation (23) 
, the normalization coefficient A n of the nth-order UPSGLB can be determined to be
Equation (24) implies that all UPSGLB's with different orders n have the same normalization coefficient. Of course, this property is also due to the fact that the quantities g n ()g n *() are independent of the order n. We know that, for a general polychromatic light beam, the instantaneous intensity V 2 (x, y, t, z) expresses the energy that flowed through the point (x, y, z) at the t moment. 29 However, for an ultrashort light pulse with an ultrawide bandwidth, the pulse duration is so short that the instantaneous intensity V 2 (x, y, t, z) is very difficult to measure. Fortunately, in this case, the timeintegral intensity I(x, y, z) ϭ ͐ Ϫϱ ϱ V 2 (x, y, t, z)dt is still easy to measure. In fact, people usually use the timeintegral intensity distribution I(x, y, z) to describe the transverse properties of an ultrashort light pulse at the z ϭ z plane. 24, 32, 33 For example, under the intensity moment theory for polychromatic pulsed light beams, all the transverse intensity moments are defined on the basis of the time-integral intensity I(x, y, z). 32, 33 By the way, according to the intensity moment theory for polychromatic pulsed light beams, all the ULPEMLLSR's (including UPSGLB's) have the best beam quality because their monochromatic Gaussian field components satisfy the condition that W 0 2 () ϭ const. 33 In terms of Parseval's theorem, the relation (x, y, Ϫ, z) ϭ *(x, y, , z), ͉ g n ()͉ ϭ A n 2 , and Eqs. (13) and (12) , one can express the time-integral intensity I n (x, y, z) of the nth-order UPSGLB as
Simply integrating Eq. (25), one can further obtain (26) where sinh(u) ϭ ͓exp(u) Ϫ exp(Ϫu)͔/2 is the sinh function. From Eq. (26) one can find that all the UPSGLB's have the same time-integral intensity distribution because I n (x, y, z) is independent of the order n. In terms of the relation sinh(u) ϭ ͚ mϭ0 ϱ u 2mϩ1 /(2m ϩ 1)! Ͼ u when u Ͼ 0, one can deduce that the time-integral intensity distribution I n (x, y, z) of the nth-order UPSGLB is always larger than the Gaussian intensity distribution
with the central frequency c . On the other hand, from Eq. (25) one can deduce that the time-integral intensity I n (x, y, z) is always smaller than the Gaussian intensity distribution I͑x, y, l , z ͒ ϭ
with the low-limit frequency l . Therefore the timeintegral intensity distribution I n (x, y, z) of the nth-order UPSGLB is always between the two Gaussian intensity distributions I(x, y, c , z) and I(x, y, l , z) at the z ϭ z plane. This property is explicitly shown in Fig. 4 , where the parameters are chosen such that c ϭ 400 THz, ␦ ϭ 300 THz, b ϭ 3 2 ϫ 10 8 m 2 s Ϫ1 , and z ϭ 0. From  Fig. 4 one can find that the time-integral intensity distribution I n (x, y, z) of the nth-order UPSGLB at the z ϭ 0 plane is a nearly Gaussian profile, but note that, strictly speaking, I n (x, y, z) is not a Gaussian distribution. It is worth mentioning that the time-integral intensity distribution I n (x, y, z) approaches the Gaussian intensity distribution I(x, y, c , z) when ␦ → 0, because I(x, y, l , z) also approaches I(x, y, c , z) when ␦ → 0.
EXPANDING BANDWIDTH-LIMITED ULPEMLLSR's BY UPSGLB's
Let us now employ UPSGLB's to expand arbitrary bandwith-limited ULPEMLLSR's analytically. According to the Fourier series theory, in the range of l р р h , an arbitrary weighting function g() can be expanded as (27) where the expansion coefficient c n is given by (28) In particular, the expansion coefficient c 0 is simply given by c 0 ϭ ḡ ()/A n , where
erage of the weighting function g() in the range of l р р h . In terms of Eqs. (27) , (12), and (11), the analytic signal (x, y, t, z) of the bandwidth-limited UL-PEMLLSR with the above weighting function g() can be finally expanded by
where n (x, y, t, z) is the nth-order UPSGLB, which is given by Eq. (16) . Note that the expansion coefficients c n are usually complex. As pointed out before, for an ideal ULPEMLLSR, its weighting function g() is a positive real function. It can be proved that, in this ideal case, the expansion coefficients c n have the property that c Ϫn ϭ c n *. Therefore, for an ideal ULPEMLLSR, one can evaluate only the expansion coefficients of positive order UPSGLB's and then use the relation c Ϫn ϭ c n * to conveniently obtain the expansion coefficients of the corresponding negative order UPSGLB's. We emphasize that the expansion method developed in this section is generally valid because arbitrary weighting functions g() can be strictly expanded by the Fourier series in the range of l р р h . It is worth mentioning that the family of UPSGLB's are not orthogonal to one another (i.e., ͐͐͐ Ϫϱ ϱ n (x, y, t, z) m *(x, y, t, z)dxdydt 0 when m n), although the Fourier series g n () are orthogonal to one another (i.e.,
To understand this expansion method better, let us now present two special examples.
Example 1: a single zeroth-order UPSGLB. As we pointed out before, for an ideal ULPEMLLSR, the weighting function is a positive real function. We find that the weighting function g 0 () of the zeroth-order UPSGLB is just a positive real function. This property implies that a single zeroth-order UPSGLB can be used to describe some real bandwidth-limited ULPEMLLSR's. Figure 5 provides the on-axis near-field intensity distribution V 0 2 (0, 0, t, 0) of a zeroth-order UPSGLB at the point (r ϭ 0, z ϭ 0). In Fig. 5 the parameters are chosen such that l ϭ 316 THz (the corresponding wavelength is r ϭ 0, z ϭ 0) . These similarities show that the zeroth-order UPSGLB itself has practical meaning.
Example 2: a novel model of a nearly temporalspatial Gaussian beam.
The models of a nearly temporal-spatial Gaussian beam are very meaningful, because, in many practical cases, the ULPEMLLSR's indeed have such temporal-spatial behaviors. 24, 26, 31 Wang et al.
14 analytically investigated the temporal-spatial propagation problem of an ULPEMLLSR with a Gaussian weighting function. Unfortunately, they extended the integral region to the negative frequency domain and then made the solution diverge with larger r. To overcome this drawback, Porras 15 limited the integral region in the positive frequency domain and obtained a solution in terms of the error function with a complex variable [see Eq. (27) of Ref. 15] . However, Porras's treatment still has two drawbacks: One is that the solution is inconvenient to use because it is expressed as the complicated error function with a complex variable, and the other is that the weighting function used there is not bandwidth limited. To overcome these shortcomings, we now suggest a novel model of a nearly temporal-spatial Gaussian beam whose weighting function has the form g͑ ͒ ϭ 0.5A n ϩ 0.5A n cos͓͑ Ϫ c ͒/␦͔ (30) in the range of l р р h , where A n is given by Eq. (24) . Substituting this weighting function into Eq. (28), one can obtain c 0 ϭ 0.5, c 1 ϭ c Ϫ1 ϭ 0.25, and c n ϭ 0 for other orders. Then the analytic signal (x, y, t, z) of the above-mentioned nearly temporal-spatial Gaussian beam can be expressed as Figure 6 provides the weighting function g(), the nearfield intensity distribution V 2 (0, 0, t, 0) at the point (r ϭ 0, z ϭ 0), and the transverse intensity distribution V 2 (r, 0, 0) at the z ϭ 0 plane at the original t ϭ 0 moment. In this figure the parameters, for comparison with Ref. 26 , are chosen such that h ϭ 375 THz (the corresponding wavelength is ϳ0.8 um), l ϭ 341 THz (the corresponding wavelength is ϳ0.88 um), c ϭ 358 THz, ␦ ϭ 17 THz, and b ϭ 3.75 2 ϫ 10 8 m 2 s Ϫ1 . Figure 6 explicitly shows the nearly temporal-spatial Gaussian intensity profile of the suggested model, which is very similar to many experimental results. In fact, Figs. 6(A) and 6(B) are very consistent with the experimental result of Ref. 26 . Compared with the nearly temporal-spatial Gaussian beams introduced by previous papers, 14, 15, 31 our model has at least the following two advantages: One is that our model can be described by a simple analytical expression, and the other is that the weighting function g() of our model is strictly bandwidth limited and therefore has more practical meaning.
CONCLUSIONS AND DISCUSSIONS
We have analytically presented a family of bandwidthlimited solutions of the time-dependent wave equation in the paraxial approximation. This family of solutions has the product forms of the monochromatic Gaussian light beam with the central frequency c times the sinc function of the complex temporal-spatial beam parameter P n and has been named ultrashort-pulsed sinc-Gaussian light beams (UPSGLB's). We have investigated their temporal-spatial evolution behaviors, and, in particular, we have revealed that the real part of the parameter P n directly describes the time delays with the increase of the coordinate r and with the increase of the order n. As an important application, we have developed a simple method to expand bandwidth-limited ULPEMLLSR's by UPSGLB's analytically. To our knowledge, it is the first time that an analytical expansion set for bandwidthlimited ULPEMLLSR's is presented. In addition, we have analytically investigated two special examples of bandwidth-limited ULPEMLLSR's, a single zeroth-order UPSGLB, and a novel model of a nearly temporal-spatial Gaussian beam and compared them with experimental results. The results obtained in this paper have practical meaning and can be used to study the temporal-spatial propagation problems of bandwidth-limited ULPEM-LLSR's. One may want to know whether these analytical UPS-GLB's can be extended to the cases of linear propagation in dispersive media and nonlinear propagation (e.g., selfphase modulation and self-focusing) in Kerr media, because these propagation behaviors will definitely show up inside the laser resonators of femtosecond laser devices. Strictly speaking, the UPSGLB's cannot generally be extended to these two kinds of propagation behaviors. For the linear propagation in dispersive media, the simple propagation form [Eq. (12) ] of the monochromatic Gaussian fields (x, y, , z) corresponding to frequency becomes invalid, and, for the nonlinear propagation process in Kerr media (it is also the gain media at the same time), both the simple Fourier-type expansion and the simple propagation law of monochromatic Gaussian beam become invalid. Fortunately, as we discuss below, the UP-SGLB's are still good models for describing the temporalspatial propagation behaviors of ULPEMLLSR's, even if the dispersion, the self-phase modulation, and the selffocusing are all taken into account. Our analysis is as follows. (1) Except for the gain medium (i.e., the Ti:sapphire medium), all the other elements have only linear dispersion behaviors, which lead only to some phase differences among those monochromatic Gaussian fields (x, y, , z) when the total thickness of these elements is not too long. For simplicity, we consider only a dispersive medium with thickness D (the multiple dispersive elements can be treated similarly). After propagation through this dispersive medium, Eq. (12) should be added to a factor exp͕i2͓n() Ϫ 1͔D/c͖, where the refractive index n() describes the dispersive relation with the frequency . Apparently, this added factor can be included in the weighting function g() of an ULPEMLLSR because it is independent of the radial coordinate r. (2) Approximately, the temporal propagation behaviors and the spatial propagation behaviors in the gain medium can be independently treated because the gain medium is very thin (usually the Ti:sapphire medium is only ϳ2.0-mm thick). (3) In the gain medium, the dispersion and selfphase modulation show a complicated solitonlike behavior and cannot be easily described by an analytical approach. Fortunately, we investigate only the output properties of an ULPEMLLSR in free space and do not investigate the complicated solitonlike behavior in detail. For the output behavior of an ULPEMLLSR, the dispersion and the self-phase modulation of the gain medium change only the weighting function g(), because the temporal and the spatial propagation behaviors in the gain medium can be independently treated. (4) As stated in items (1)-(3), the total influence of the dispersion and the self-phase modulation in a laser resonator is that they change the weighting function g() of an ULPEMLLSR. In this paper we use only the family of UPSGLB's to expand an ULPEMLLSR analytically, and this expansion method is independent of the actual form of the weighting function g(). Therefore the dispersion and the selfphase modulation in a femtosecond laser resonator have no influence on the results of this paper. In addition, the change of the weighting function g() resulting from the dispersion and the self-phase modulation has been compensated very well in femtosecond laser devices (especially in those sub-10-fs laser devices). Otherwise, no sub-10-fs light pulse can be obtained. (5) As a good approximation, the self-focusing effect in the gain medium can be treated as a lens [34] [35] [36] [i.e., the added phase is an approximate parabolic function of the radial coordinate r; see, for example, Eq. 12) at all. That is to say, the output of an ULPEMLLSR is still an (approximate) isodiffracting pulsed beam even if the self-focusing lens in the gain medium is taken into account. Therefore the self-focusing effect in the thin gain medium has no influence on the results of this paper either.
